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Let M be an almost Hermitian manifold with dimM = 2n, a metric tensor g and 
an almost complex structure J. The Ricci tensor and the scalar curvature with regard 
to the curvature tensor R are denoted by S and r respectively. If a is a 2-plane in 
the tangential space T p M with an orthonormal basis {x,y}, then its sectional curvature 
K(a,p) is given by K(a,p) = R(x, y, y, x). A 2-plane a in T P M is said to be holomorphic 
(antiholomorphic) if J a = a [J a _L a). The manifold M is said to be of pointwise constant 
holomorphic (antiholomorphic) sectional curvature if the sectional curvature K(a,p) of 
an arbitrary holomorphic (antiholomorphic) 2-plane a in T p M does not depend on a 
for every p e M. The classes of Kahlerian (K-), nearly-Kahlerian (NK-) and quasi- 
Kahlerian (QK-) manifolds are characterized by the following identities for the covariant 
derivative of J: (V ' X J)Y = 0, (V ' X J)X = 0, (V JX J)Y = -J(V X J)Y respectively Every 
X-manifold is an iVA-manifold and every iVA"-manifold is a QA-manifold. The curvature 
tensor of an iVA-manifold satisfies the identity [5] 

(1) R(x, y, z, u) = R(x, y, Jz, Ju) + R(x, Jy, z, Ju) + R(Jx, y, z, Ju) . 
This equality implies 

(2) R(x, y, z, u) = R(Jx, Jy, Jz, Ju) . 

A Q K- manifold whose curvature tensor satisfies (1) is said to be a QAVmanifold. An 
almost Hermitian manifold whose curvature tensor satisfies (2) is said to be an AK%- 
manifold. For a A-manifold the following analogues of the classical theorem of F. Schur 
hold [3 [2]: 

Let M be a connected 2n— dimensional i^-manifold of pointwise constant holomorphic 
(antiholomorphic) sectional curvature c. If n > 2 (n > 3), then c is a global constant. 
Moreover M is of constant antiholomorphic (holomorphic) sectional curvature c/4(c). 

Naveira and Hervella proved [8j that if a connected iVA-manifold of dimension 2n > 4 
has a pointwise constant holomorphic sectional curvature /x, then \x is a constant and Gray 
proved in [1] that such a manifold is locally isometric to one of the following manifolds: 
CD" , § 6 . We proved in [3] that if M is a connected iVA-manifold of pointwise 



constant antiholomorphic sectional curvature v and dimM > 6, then v is a constant and 
M is locally isometric to C n , CP n , CD n or § 6 . 

Gray and Vanhecke proved in [6] that if a connected Qi^-manifold has a pointwise 
constant holomorphic sectional curvature /x, then \i is a constant. 

In the present paper we consider Qi^-manifolds of pointwise constant antiholomorphic 
sectional curvature. 

Let {ei, . . . , e 2n } be an orthonormal basis of T p M, p G M, and 

2n 

S\x,y) = ^2R(x,e h Je h Jy) , 



i=l 
2n 



i=i 

The tensors i?2 and if) are defined by 

R\(x, y, z, u) = g(y, z)g(x, u) - g(x, z)g(y, u) ; 

R 2 (x 1 y, z, u) = g(Jy, z)g(Jx, u) - g(Jx, z)g(Jy, u) - 2g{ Jx, y)g(Jz, u) ; 

ip(x,y,z,u) = g(Jy,z)S(Jx,u) - g(Jx, z)S(Jy,u) - 2g(Jx,y)S(Jz,u) 
+g(Jx,u)S(Jy,z) - g(Jy,u)S(Jx, z) - 2g(Jz,u)S(Jx,y) . 

In [3] we proved 

Proposition. Let M be a 2n-dimensional v4iJ 3 -manifold of pointwise constant anti- 
holomorphic sectional curvature v. Then 

1 2n — 1 

(3) R = -V + vRi , 

o 3 

m c , iW qc' (n+l)r-3r / 

(4) [n + l)3-3S = — g, 

(2n + l)r - 3r' 
{ ' 8n(n 2 - 1) ' 

In particular from (3) it follows that R satisfies (1). 
From the second Bianchi's identity 

(6) iy w R) (x, y, z, u) + (V X R) (y, w,z,u) + (V y R) (w, x, z, u) = 
the next identities follow in a straightforward way: 

2n 

(7) (V x S)(y,z) - (V y S)(x,z) = ^(V^)^, y, z, e,) , 

i=i 

2tj 



£(V ei 5)(x, ei ) = i a ;(r) . 



i=i 
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The first autor proved in [T] that for a Qi^-manifold the following analogue of (8) 
holds: 

2n 

(9) ^(V ei 5')(x, ei ) = -x(r'). 

i=l 

Lemma. Let M be a connected 2n-dimensional Q-fG-manifold of pointwise constant 
antiholomorphic sectional curvature. If n > 2, the function (n + l)r — 3r' is a constant. 

Proof. Using (8) and (9) from (4) we obtain (n — l)x((n + l)r — 3r') = for an 
arbitrary vector x and hence the function (n + l)r — 3r' is a constant. 

Now let M be an v4iJ 3 -manifold of pointwise constant antiholomorphic sectional curva- 
ture v. Let {x, y} be unit orthogonal vectors and x _L Jy. Putting in (6) w — x, x — y, 
y = Jy, z = Jy, u = y and taking into account (3), we obtain 

4(n - l)x(u) = (V x S)(y,y) + (V x S)(Jy, Jy) - (V y S)(x,y) 

-(V Jy S)(x, Jy) - S(JBy, x) - g(JBy, x)S(y, y) + 2(2n - l)ug(JBy, x) , 

where By = (V y J)y+ (Vj y J)Jy. Putting in (7) y = Jx, z = Jx, and using (3) we obtain 

1 1 2n 

(V x S)(Jx, Jx) - (V Jx S)(x,Jx) = ^x(r) - £ S((V 6i J) Jx, e t ) 

(11) 

+g(6F, Jx)S{x,x) + (V x S)(Jx,Jx) + S((y x J)x,Jx)} 



-2{n - l)x{y) - (2n - l)ug(5F, Jx) 



2n 



where SF = ^(Ve, J)e-i- 



Now we shall prove the following analogue of the theorem of Schur for QK 2-manifolds. 
Theorem. Let M be a connected 2n-dimenssional Qf^-manifold of pointwise constant 
antiholomorphic sectional curvature v. If n > 3, the functions v, t and r' are constants. 
Proof. By the conditions of the theorem, (10) and (11) give respectively 

4(n - l)x{u) = (V x S)(y, y) + (V x S)(Jy, Jy) 
12 -(V y S)(x,y)-(V Jy S)(x,Jy) , 

(13) 4(n - l)x{u) = l -x{r) - (V x S)(Jx, Jx) + (V Jx S)(x, Jx) . 

Using the adapted basis {u\, . . . , u n ; Ju\, . . . , Ju n }, from (12) by summing up we find 

4(n - l) 2 x(u) = ~x(r) - (V x S)(Jx, Jx) + (V Jx S)(x, Jx) . 

The last equality and (13) give (n — l)(n — 2)x{y) = and hence v is a constant. Taking 
into account the lemma and (5), we obtain that r and r' are also constants. 

Institute of Mathematics 
Bulgarian Academy of Sciences 
Sofia, Bulgaria 



4 



References 

[1] G. Ganchev. An analogue of the theorem of Herglotz for Qi^-manifolds. Proc. VIII Conf. Union 

Bulg. Math., 1979, 149-153 (in bulgarian). 
[2] B.-Y. Chen, K. Ogiue. Some characterizations of complex space forms. Duke Math. J. 40, 1973, 

797-799. 

[3] G. Ganchev, O.Kassabov. Nearly Kahler manifolds of constant antiholomorphic sectional curvature. 

Compt. Rend. Acad. bulg. Sci., 35, 1982, 145-147. 
[4] A. Gray. Classification des varieties approximativement kahleriennes de courbure sectionnelle holo- 

morphe constante. C. R. Acad. Sci. Paris, Scr. A, 279, 1974, 797-800. 
[5] A. Gray. Nearly Kahler manifolds. J. Differ. Gcom., 4, 1970, 283-309. 

[6] Almost Hermitian manifolds with constant holomorphic sectional curvature. Casopis pro pestovani 

matematiky, 104, 1979, 170-179. 
[7] S. Kobayashi, K. Nomizu. Foundations of differential geometry II. New York, 1969. 
[8] A. Naveira, L. Hervella. Schur's theorem for nearly Kahler manifolds. Proc. Amer. Math. Soc. J. 49, 

1975, 421-425. 



